Indefinite Integral

Integration as the Inverse
Process of Differentiation

INTEGRALS — MODULE 4




Substitution Method for Some Important Integrals of Trigonometric Functions

 Jtanx dx =log [sec x| + C

We know that tan x = sin x / cos x. Therefore,

franx = Ginx o) dx

Now, let’s substitute cos x = t, so that sin x dx = — dt. Therefore,
Jtanxdx=-[(dt/t)=-log|cos x| + C
Or, [ tan x dx = log |sec x| + C

+ [secxdx=log[secx +tanx|+C

On multiplying both the numerator and denominator by (sec x + tan x), we have

[ sec x dx = [ {sec x (sec x + tan x) dx} / (sec x + tan X)

; . Similarly, we can prove
Now, let’s substitute (sec x + tan x) = t, so that sec x tan x + sec?x = dt b P
That is, sec x (sec x + tan x) dx = dt.

Therefore, [ secx dx = [ (dt/t) =log |t| + C=log |sec x + tan x| + C




Angle sum and difference identities

sin (X +y) =sin Xcosy + cos xsiny
sin (X —y) =sin X cOSy—cos Xsiny
cos (X +y) =cos x cosy—sin xsiny
coS (X —y) =cos xcosy+sin xsiny

tanx + tany

- =
tan(x y) 1—-tanxtany

tanx —tany

tan (x—y) = 1+ tanx tany

Sum Identities (Sum to Product Identities)

X T X -
COSX + oSy = 2 cosTy cosTy

xty . x-
COSX — COS Y = —2 sm—zl sm—z}i

; . ice B X
sinx +siny = 2 smTy cosTy

. : X+y ... X—
Sinx —siny = 2 cosTy smTy




Half Angle Identities Triple Angle Formulas

2tan;—‘ sin 3Xx =3 sin X —4 sin3 x

. i
SinNX=2sinN—-c0s—-= =
2 2 1+tan25

cos 3X = 4cos3 x — 3 cos X

_ panl &
1 tan2

1+ tan22
2 3 tan x — tan3 x

tan 3x =
1 — 3 tan? x

X ’ X ' X X
cosx=c0525—sm25= 1—25|n35=2c0535—1-

2 tan f
Product Identities (Product to Sum Identities)

2 COSX COSy = cos (X + y) + cos(x - y)

-2 sinx siny = cos (x + y) - cos(x - y)

2 sinx cosy =sin (x + y) + sin(x - y)

2 cosx siny = sin (x + y) - sin(x - y)




Ex7.3,1

Find the integral of sin* (2x + 5) Heknowithat

cos 20 =1 — 2sin% 0

2sin?8 =1 — cos 26
. 1—cos2(2x+5
[sin? 2x + 5) dx = | 2( ) dx

sin’ @ = -;—[1 — cos 26]

- %J‘ ] = cos(4x +10) dx Replace 8 by (2x + 5)

sin2 (2x 4 5) _ 1—-cos2(2x +5)

=%[f1 dx — [ cos(4x + 10) dx|

sin(4x + 10)
=35

+ C] (As [ cos(ax + b) dx = sin(fax +b) C)

cL

== —=-sin(4x+10)+C




Ex7.3,3

Integrate the function - cos 2x cos 4x cos 6Xx

We know that

Replace A by 2x & B by 4x
2 cos 2x cos 4x = cos(2x + 4x) + cos(2x — 4x)
2 COS 2x cos 4x = cos 6x + cos 2x (~ cos(—x) = cos x)

1
COS 2x COS 4x = = (cos 6x + cos 2x)

[ (cos 2x cos 4x cos 6x) dx

I (% (cos 6x + cos 2x) cos 6x) dx

% | S (cos 6x)? dx + [ cos 2x .cos 6x dx]|

Solving both these integrals separately




f(cos? 6x) J cos2x cos 6x dx

We know that We know that
cos 26 + 1

cos?Z 8 = = 2cob AcosB =cos (A + B) + cos(A — B)

cos A cos B = %[cos (A+ B) + cos(A — B

Replace @ by 6x

cosZ 6x — oS 1§x + 1 Replace A by 2x & B by 6x

CcOs 2x cos 6x
J cos? 6x dx

=g %f(cos 12x + 1) dx = —[cos(Z2x + 6x) + cos(2x — 6x)

= %[ ~0s 8x + cos 4x] dx

J cos 2x cos 6x dx

= = (cos 8x + cos 4x) dx
2
J (cos 2x cos 4x cos 6x) dx

= %[%f(cos 12x + 1) dx + %f(cos 8x + cos 4x) dx]

%[fcolexclx+f1dx+fcosBxdx+fcos4xdx]

sin 12x sint 8x

2 sin 4x
e i) T]—I—C




Ex7.3,9

COS X

Integrate
1+ cosx

f cOS X dx

1+ cos x

=J-(cosx+1—l)dx

1+ cosx

- J-(i +cosx—l)dx

1+ cosx

_f(1+cosx 1 )dx

1+ cosx 1 4"€OSXx

—dx
1+ cosx

[ sect{ar 4 b)dr =

tan(ax 4 b)

(l

!




Ex7.3,13

COS X =C0S ) (COS X+ COS
| - . COS 2Xx — COS 2@ ( )( ) dx
ntegrate the function (cosx-cos Q)

COSx—cosa

=2 (cosx + cosa) dx

J- COS 2X — COS 2« dx
COSX —CoS &

= 2 [cosxdx + [cos adr)

2cos?x-1)-(2cos? a -1
f( cos®x-1) - (2cos*a—1) dx (cos26 =2cos*6 -1
COS X = COS @

=2(jcosxdx+cosaf1.dx)

2cos’x-1-2cos’a+1
[ dx

CoOsX —cosa

[reofa-dastarion g =2(sinx + xcosa) +C

COSsXx—Cosa

dx

[ 2(cos? x - cos? a)
COS X — COS @




[ tan* x.sec x dx [ tan2x dx

Ex7.3, 16

t lettanx =t :f(Sﬂczx—l)dx
ftan de
X

sec2x dy = dt g B
[tan* vdy = [tan’ x tan’x dx b foPese oo

Now, & [sectx dx =tanx +C

We know that
= [(sec’x - 1)tan‘xdy | tan2f = sec’f -1

.
[ tan® x.sec® x . dx = B EEC

= | ¥k =§+C

_ tandx

= [(sec’ x.tan* x - tan’ x) d BE

Now, f tan* x dx = ftan2 x.sectx dx - f tan x dx

+(,

= [tan*x.sec’ xdx - [tan’x ST e 4 )

3

; - _f.un3x - Y
Solving both these integrals separately =—— -tanx+x+C (WhereC=0=C)




Ex7.3,20

letcosx +sinx =t
cos 2Xx

Integrate the function _ Differentiating w.r.t. x
(cos x + sin x)?

. dt
=SINX+Cosx =—
dx

J- Ccos 2x

(cosx = sinx)dx = dt
(cos x + sin x)?

2 2

C0s“ X —Sin“ x

Thus, our equation becomes
(cos x + sin x)? dx (Cf}.'? 28 = cos B — sin? 9} q

1
ngdt

(cos x = sin x)(cos x + sin x)
——= dx
(cos x + sin x)

=loglt| + C

cosx —sinx
d

= log|cosx + sinx| +C
COSX +sinx A




Ex 7.3, 22

1

cos(oc — a) cos(xx — b))

2 E
f cos(x — a) cos(x — b)

NMultiply & Divide by sin(a — b))

f sinCa — b) S 1 d o

sinCa — b) cos(x — a) cos(ax — b))

= § f sin(fa — b)) e

sinCa — b) cos(x — a) cos(x — b))

1 sinCa — b + x — x)
sinCa — b) f cos(x — a) cos(x — b)) dx

< B f sin((x — b)) + (a — x)) s

sinCa — b) cos(x — a) cos(x — b)




o i J- sin((x — ) — (x — a)) o 2

sin(a — b)) cos(x —a) cos(x — b))

Using sin(4A — B) = sinAcos B — cos AsinRB

Replace A by (x — b) & B by (x — b)

sin((x — b)) — (x — a)) — sin(x — b)) cos(x — a) — cos(x — b) sin(x — a

L 1 J- sin(x — b)) cos(x —a) —cos(x — b)) sin(x — a) i
T sin(a — b)) cos(x — a) cos(x — b))

cos(x — a)eos(x — b) cos(x —a) EGS{x — B)

1 sin({x — k) cos(x ;»ﬂ:j/cﬂq{x — nl:::r: — @)
sin(a — b) -’r ( ) dadx

1 'J- (Sinlfx—b) . s:in{.x—ﬂ,:l-) dI]

sin{fla — b)) L cos{x — b)) cos{x — )

1

sinfa — b)

[ tan(x — b) — tan(x — a) dx|

1
sin(a — )

_.r tan(x — b) dx — ft::ln(x — a) d.'x]
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Integrals of some special functions

& lo Ix
22 g -

L=

|+c

L& 4

»
j
- -

log |x + V xXT-a |+ C

log |x + VXxZ + aZ|+ C




(Taking 4 common)

It is of form

—, dX 1
Urw

- 2 4.1

—z[logx+ /x +4I+C
1 4x2 +1

=tan! (t) +C —Elogx+\J v e

=tan™ (x*) +C =§log|2x+\/1+4x2‘+c

tis of form

dx =log|x + Vx? + a?|+C




Ex7.4,6

(Taking 25 common)

It is of form

dx it X
J- - = 5IN la'l'f:

i
vat = x*¢

1+:r

Answer = — iug ‘ +C

-




Ex7.4,9

Sff(‘.;Z X

vtan® x + 4

let tanx = ¢

Diff both sides w.r.t. x s liam

= loglx + V2 + a?|+C

sec’x dx=at [ s

sec® x 1
IW g t2 + (2)2 B8
= log|t +/F + (@[ +¢
= log‘tanx+tan2x +4‘ +C




Express ax? + bx + ¢ as sum or difference of two squares t.e.,

2 2
- bx +c= a|x*+bx+ c = a(r+ b} +{ < _—b—
ax” + Ox C = [ 2 ﬁ] = - i x 132

We find the integral reduced to the form lJ’

dt and hence evaluate.
2 -+ k2

Example: Find |

a 2
9x24+6X+5 (a+Db) Alternate method

TN T e e s auare so
9x% +6x+5 =9 |x* +5x 45| =9 |x* + 203+ (3 9x% + 6x+5 = [3x]+2[3x][1]+1
= 1 4 (2Y = (3x + 1)% 27
=9 [(x + 3) + (3) ]1 -. I# - f‘j;%r .
'r?xzizxﬁ - 1 % i tan™" (x:ff) te — tan~! (3x+1) +C

2x3




.. DX+ , r DX +
(11) Form || == 2 ax or J —— g dx

¢ vax® + bx + c

Put px+q= A d (ax®+bx+c)+B
dx

The is split into two parts, the first contains A( ) and
the other is a constant B( ) . Now A and B can be found out by equating the coefficient of
each term of the above expression on LHS and RHS.

i 5x—2 6x+2)—
Example: Find [ Ex dx ; _J‘ /e( . )—/3
3x“42x+l 3x24+2x+1

Write 5x —2 = A(bx+2)+ B

dx

11 dx

. _ 6 °A3x2+2x+1 X 3 ¥ 3x242x+1
Comparing the coefficients of x, /\
we get 5=64 = A =72/

Comparing the constants,
we get —2=2A+B

Bcoz numerator is diff
of denominator so Change the denominator

use substitution using completing squore

5
= —-2=2 (—)+ B=B=-1/ method to integrate method and use f

Sx —2 =2 —(6x + 2) — = to intearate




Ex7.4,14

1

V8 + 3x — x2

1

dx
f\/8+3x—x2

1
_f\/ﬁS—(x2 - 3x)

dx

e —
I

tis of form

1 o ¥
[=—=dx=sin"'=+(
vac = x a




B. = sin 1(8x—9)+c
9 O

D. = sin 1<9X_8)+C
> s

(Taking —4 common)




Ex7.4,19

6x ¥ 7
J(x—5)(x —4)

Integrate

f 6x + 7
JZ-5)x—2)

. dx

_f 6x +7
Vx2 —9x + 20

Bx +7 = A(2X-9) +B Rough

Comparing coefficients of x, (x? —9x+20) =2x—9
2A=6 = A=3

Comparing constants,
9A+B=7= -9(3)+B=7 — B =34

6x + 7 - 2x =9 dx sl L)
f\/xz dx 3f\/(x2 dx + 34 [

—9x + 20 —9x + 20) J(x2 —9x + 20)

\ J \ J
v v

I, I




oK —9
b =3 . dx - 20 =

(Zx—())dx = dt

-1
=3[—=.dt =3[(t)= .dt

=3i2 +¢, =6t 4G

2

I, = 6vVx2 — 9x + 20 + C,

_ 1
2 = 34fx/x2—9x+20 v

—34

: dx

1
Jx2 =26 (@) + () - () + 20
1

34f s -
JG- 2" - (@) + 20

. dx

=34

1
JE-9"- @
2 2
g ‘;’ /(’ .7 . "V I" —" o] =R



=34[log x—§+\/(x—— ‘+C2

L= 34log |x— 2+ VxZ=9x +20 | +C,

Now, putting values of I, and [, ineq. 1

J

6x + 7

Jx=2)(x-4)

l1+]2

6v/a2 —9x +20 +34log|x— > + a2 —9x + 20| +C



Ex 7.4, 23

5x+ 3
Vx2 4+ 4x + 10

Integrate

f 5x + 3

- dx
Vx2 + 4x + 10

Rough

5Xx +3 = A(2x+4) + B (x? +4x+10) =2x+ 4

Comparing coefficients of x,
2A =5 = A =95/2

Comparing constants,
4A+B=3 = 4(5)+B=3 = B =-7
2

. 5x + 3 2x + 4 dx
4 dx = dx —7 [ =
VX

Vx2 + 4x + 10 Vx2 +4x + 10 +4x + 10

\ ) \
v
I, I,




Now solving,

5

l _—f 2x + 4
17 27 x

24+4x+10

. dx, we get

5 1
=zl dt

b =5Vx?+4x+ 10+ C,

Solving I,

="FFf - . ax
J(x+2)2+(\/€)2

I, =7log|lx +2++VxZ + 4x + 10| + C,
Putting the values of I, and L, in (1)

vx2 +4x + 10

.dx =11—12

=5Vx2+4x+ 10+ C, — 7log|x + 2 + Vx2 + 4x + 10| + C,

5\/x2+4x+10—7log|x+2+\/x2+4x+10|+(,‘




Y




INTEGRALS
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Integration by
Partial Fractions




INTEGRATION BY PARTIAL FRACTIONS

** We know that a rational function is a ratio of two polynomials

P (x)

Q)
where Q(x) # 0. If the degree of P(x) is less than the degree of Q(x),
then it is a proper function, otherwise, it is called improper.

¢ Even if a fraction is improper; it can be reduced to a proper fraction by

the long division process.

o e P(O) . .
e So, if 2(x) 'S improper, then

T(x) is a polynomial in x and

P(x) _
o T(x) +
R(x)

Q(x)
P(x) dx, where P& s a proper rational function, it is
Q(x) Q(x)

possible to write the integrand as a sum of simpler rational functions by
a method called partial fraction decomposition.

R(x)
Q(x)’

is a proper rational function.

where

< To evaluate [




What are Partial Fractions?

We can do this directly:

5x-4
5 X -x-2

... but how do we go in the opposite direction?

Bx-4
4‘2 X2 -x-2

N

Partial Fractions

That is what we are going to discover:

How to find the "parts" that make the single fraction
(the "partial fractions").

wWhy Do We Want Them?

Because the partial fractions are each simpler.

This can help integrate the more complicated fraction.




Partial Fraction Decomposition When the

| | denominator
Step 1: Factorise the denominator Sx-4 Sx-4 -
= contains non-
xZ -x-2 .
repeated linear
Step 2: Write one partial fraction for each of those factors factors
Sx-4 _

Step 3: Multiply through by the denominator so we no longer have fractions
S5x-4 =

Step 4: Now find the constants A and B

|
-mm:;:c>

)

Substituting the roots, or "zeros", of (x—2) and (x+1) can help: (1

5(-1)-4 =
-q -
3= 3
5(2)-4 =
6 =
A = 2

And we have our answer:




Sometimes you may get a factor with an exponent, like (x—2)2 ...

You neaed a partial fraction for each exponent from 1 up.

Example: 1
(x—2)~

CASE (i1) When the
denominator

_ _ contains repeated
Has partial fractions .
linear factors

When you have a quadratic factor you need to include this partial fraction:

Bx + C
(Your Quadratic) When the
denominator
contains a
quadratic factor

* Because (X+3) has an exponent of 1, it needs one term A A
A

e And (X2+3) is a quadratic, so it will need BX + C: S

x2+15 _ Bx + C E
(x+3) (x2+43) : x2+3 (iii

\

Example: x?+15
(x+3) (x2+3)




The following table indicates the types of simple
partial fractions which can be associated with
various rational functions:

Form of the Rational Function

Form of the Partial Fraction

px +q
x-a)(x-b)"

#b

A B

+
x—a x-—b

Ppx + q
(x — a)?

A B

+
x—a (x-—a)?

px3+ qx +r
(x—a)(x—b)(x—rc)

A B C

+ +
x—a x—-—b x-—c

px4+qx +r
(x —a)? (x — b)

A B C

+ =+
x—a ((x—-—a)* x-b

px84 gx +r
(x —a) (x? + bx + ¢)

3 Bx + C
x4+ bx+c




We can write the integrand as

Integrate:
3x —1 A B ¢ 3x —1

G-Dx-2D@x-3) x-D @ @x-2) @ *-3) x—1Dx—2)(x—3

_ AL —2)(x—3)+B(x—1)(x—38) +C(x—1)(x — 2)
(x—1)(x—-—2)(x—3)

By cancelling denominator

x—1 = Alx— 20— ) F Blax—1)xr—3)FEx— L)x—2) (1)
Putting x = 1 in (1)

2=A(—1)(—2)+BX0+C X0

2=2A — AT

Similarly puttingx = 2 ,in (1), we get B =—5

Similarly puttingx=3,in(1). weget C =4

Hence we can write it as

f 3x—1 dx = [ 24

(x—1)(x—2)(x—3) x—1

= [—— dx—5[—— dx+4[—— dx

x—1 x—2 x — 3

=log|x— 1| —5log|x—2|+4log|x—3|+C




EX75,Q.12

x34+x+1

——  (improper fraction)

-fx3+x+1 2x+1

x2-1

dx=f[x+ ]dx

i

Iy

=—+1Og|t|+ log‘ ‘+C

xz 1
= F+log(x*—1) +3 log

(" To solve I,

-

~

Lett = x% —1
dt = 2x dx

J

x—1
ﬁ\“‘

4 To solve I,
It is of the form




Ex 7.5, 13

=

(1 —2) (1 4+ x2)

—2
We can write the integrand as " 131 + x2)

Let

A 2 Bax 4+ O
(2 — 1) (1 4+ x2)

A(1 +x2) + (Bx + C) (x — 1)
(x — 1) (1 4+ x2)

By cancelling denominator
—2=A(1 +x2) + (Bx+C) (x — 1)
Putting x=1, in (1)
—2=A(14+1})+ (Bx+C)O
A=—11
Putting x =0, in (1)

—2=A(1) + C(—1)
weget C=1

Equating coefficient of x“% on both
O=A+B —B=-A —» B=1




So, we can write

f -2
(1—=2x) (1 +x2)

lett=x%+1
dt = 2x dx

= %log |t] + C,

= %log|x2+1|+(?1

Therefore

1

2 1
f( dy=1 dx + [—dx + [—— dx

1—-2x)(1+x2) x—-1 - g

=—log |x — 1]+ %log|x2+1|+tan‘1x+()

=—log|x—1|+§log(x2+1)+tan"'x+c




We can write integrand as

1 1 E L
— x

x(x™ 4+ 1) x(x™ 4+ 1) xn—1

" tmultiply numerator and denominator by x7 1

x'" o 3 |

T xn(x™ + 1)

Llett=x"

dt=nmx"~—

1

xn— 1

2 (x™ + 1)

Integrate
1

x(x*+ 1)

Therefore [

We can write the integrand as

1 A B
= — <+
t(t + 1) t t+ 1

By cancelling denominator

1=A(t + 1) + Bt .-(1)

A=1

Puttingt=0in (1)

Similarly puttingt=-1in(1) B=-—1

Thus,

et + t t

L

= log [5] + €

f 1 _ i 10 | xn.
x(’x“+1)— & x™ +

dt 1dt -1
I 1)=f - f — dt = log |t| —log |t + 1| + C



Ex 7.5, 18
(x*+ 1) (x*+ 2)
(x*+ 3)(x°+ 4)

( Improper
fraction)

Integrate the function

[ett=a52
("% 1)(x"+2) (E+1E+2) 1
(x*+ 3)(x*+ 4) (t +3)(t+4) (2 4 e & 1yt2 T 3t + 2

t? + 3t +2 t2 4 7t + 12
t2 712 (=) (=) (=)

Rough

-4t —10 —gf —10
t2+ 7t + 12

_ (4c+ 10)
(t+3)(t+4)

We can write 4t + 10 = A % B
(t+3)(t+4) (t + 3) (t+4)

At + 10=A(t+4) +B({t+3) (1)

Puttingt =—4in(1),weget B=6

Puttingt = —3in (1), weget A=—2




4c+10 -2 6
(t+3)(t+4) (@E&+3) (t+4)

Hence we can write

Therefore

Jv (x*+ 1)(x*+ 2) dx

(x%+ 3)(x*+ 4)




EX75,Q.19

2 2 > Let x2 = Can you suggest
D) any other alternate

2x dx = dt method to solve this
sum...?

2X
f(x2+1)(x2+3) dx = f(t+1)(t+3)

. lf(t+3) (t+1) dt

T3 [ multiplying and dividing by 2]

:_f(t+1 t+3) at
1
[f 41 Ot _IE dt
[log|t + 1| — log|t + 3]|] + C

=z llog 5] + ¢

:%lo E+1]+C




EX7.5,Q.21
1

log|t — 1| — log|t]] + C

log [57] + ¢

Lete* =t=¢e*—-—1=t—-1

dt
exdx=dt=>dx=7

Can partial
fractions be
used to solve




et 1
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Integration by Parts

Integration by Parts is a special method of integration that is often useful when two functions are

multiplied together .

let us see the rule:

_I-u v dx = u_I-v dx —J-u' (fv dx) dx

e uis the first function u(x)
e vis the second function v(x)

e u'is the derivative of the function u(x)

As a diagram:

J‘Ll \’ dX

Ae formula can be stated as:

““The integral of the
= (first function) x
(integral of the second function) -
[Integral of (derivative of first
function) x (integral of the second
function)]”




Where Did "Integration by Parts" Come From?

It is based on the Product Rule for Derivatives :

(f(x).9(X)) " = f(x).g" (x) + g(x). f'(x)

Integrate both sides and rearrange:

J (f(x).9(x)) "dx = [ (x).9" (x) dx + [g(x). f'(x) dx

f(x).a(x) = [ f(x).9"' () dx + [g(x). f'(x) dx

J 109" (%) dx = £().900— [g(x). f*(x) dx

Let f(x)=u and g(X)=V _Then, f'(x)=u'and 9(x) = J'v dx

Juvdx =ufvdx - Ju(Jvdx) dx




Let's look at an example:

Whatis [ x cosx dx ?
First choose which functions foruandv — u=x and v = cos x.

Now it is in the format [ uv dx , so we can proceed :
Differentiate u 1 v’ = - (x) = 1

fxcosxdx
f

! |
A L Vv

Simplify and solve : m

m) xsinx — [ sinxdx ¥ sSinx - f1 (sin-\‘ )dx

Integratev: [vdx = [cosx dx = sinx

m) xsinx+cosx+C




Chooseuandv — wu=e*

V=X

d

Integratev: [vdx= [xdx ==

Differentiate u : u’' = — (e¥) = e*

x 2
2

C.\'

J’c'\' x dx

\.‘\"N <—
C - [ex (%) dx

Next step will
3
yield [ e* x?dx
and every
subsequent step
will keep on
getting higher
powers of x and
hence

integration will
never terminate.

DOES INTERCHANGING OF ' AND V" MAKES A
DIFFERENCE :

» Whatis [ e* xdx 2

= Maybe we could choose u and v

differently .....

Choose u=x and v=e*

Differentiate u : u’

d
=E(X)=1

Integratev: [vdx = [e*dx = e*

.\L\dx

I

f'w<:

) dx

By
interchanging
the choice of u

and v the last
integration
becomes much

simpler

FWhen will it end

¥ T 7 ".'.

IM-::-rr::lI —» Choose u and v carefully !!!I

Choose u that gets simpler when yo

U
differentiate it and » that doesn’t get
complicated when yovu integrate it.

q

=




The chart given below illustrates the preference order generally
adopted for the selection of the first function:

il Inverse Trigonomteric Function

*_Logarithmic Functions

- Algebraic Functions

. Trigonometric Functions

. Exponential Functions

: Inverse trigonometric functions such as sin"1(x), cos™*(x), tan 1(x)

: Logarithmic functions such as log(x)

. . =2
: Algebraic functions such as x2, x>

’

: Trigonometric functions such as sin(x), cos(x), tan (x)

: Exponential functions such as e*, 3%




[xtan~'x dx

/ \ We know that

Algebraic Inverse
gebrai Juvdx=ufvdx—[(u'[fv dx)dx

[xtan~'x dx = [(tan™! x) x dx Putting U = tan'xand Vv =x

tan~1 x [xdx — f(d(ta:: x) fx.dx) dx

2 2
t - X 1 X d
. . . x
e 2 f1+x2 2

xz 1 1 x2
=—tan""x — dx
2 tan™" x foz-i-l




Example 18

Find [logxd x
J log Here, we are unable to guess a

function whose derivative is log

X.
Jlogx dx ‘.. Hence, we take log x as the first
- f B i function and constant function 1
- B as the second function.
Using by parts

I°¢ function u = logx & I1"? function v=1

We know that

Juvdx=ufvdx— (U v dx)dx

d(log x)
dx

fl.dx)dx

f(logx).ldleogxfl.dx—f(
= (logx)x—f;; . X JdX

xlogx — [ 1.dx

xlogx —x+C
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Example 20 : Find [ % dx
Method -1 (Directly use product rule) Method -2 (Substitution and then by parts)

foin_lx d -, prane x .
———ax = slnTx If sin~*x=t ﬁ X = sint

V1 —x2 V1 — x2
A ¥ dx
Inverse Algebraic then Vi—x2

x dx
dx

Vi—x2 sin
o [ dx =figpmy L

TLhe:n 1-— x; =t_ = [(sint) t dt‘
y —2X dx = dt = t._f['sint]: dt —f[ [%t] ._f['sint]: dt] dt

=dt

To find f

x dx -. - —
[—Z2X =] fdt =—VT==yi=2% t, (—cost) — [ 1.(—cost) dt

V1=x2 2 \/t_

Hence, t, [—cost]: el sint + ¢

J-xsan 1xdx
V1i—x2 sin‘lx(—m)+ X + C

= sin~1lx (—vizZ)— (—Vi—x?)dx
sinT™' x ( 1x) f\;—z - x_msin—lx_l_c

= =4/1—x sin™1! x +x+C

—V1—-—x2Zsin"'x +C




Ex 7.6, 14
[x (logx)*.dx

x(log x)? / \

Algebraic Logarithmic

[x(logx)?.dx = [(logx)? x .dx

_—.(logx)zfx.dx—f(%fx.dx)dx

@ (log x)? . x?z — (2(10gx)i—ffx .dx) dx

2 1 2
=-x2—(log)c)2 -2 [=E2, % dx

X

= 5
== (log x) [ xlogx dx




Solvingl, =[x logx dx

/ o\

[xlogx dx = [(logx)x dx Algebraic Logarithmic

— lugxfxdx—f(% fx.dx)dx

— Ing(%) —f% : 'z—z.dx

x< 1
== log x—;fx.dx

- 1 xA
=—logx—=.— +C
> 8 5= o T

2 2

X x
Z?iogx— = + C

Putting value of I, in (1),

2 . ,
%(Ingx)z s f X' 00X X %(lugx)z - (x (lzf-{x) _ x*

x2 2 x%(log x)
= (log x) <
xZ(log x)

x2 2
?([ag x)< — >




Integral of the type : [ e* [f(x) + f'(x)] dx |solvingy, ={/e"“ f(:i)‘dx

Exponential Algebraic

Let
I=[eX[f(xX)+f(x)]dx = [e*f(x)dx+ [e*f'(x) dx
!
= I, + [e* f'(x) dx

=[f e - ff’(\xm‘ dx] + [e*f'(x) dx
[ f@ +fWldx =[e* f(x) dx + |




Ex 7.6, 18
1 + sin x)

1+ cosx

= . 1+ sinx X ( 1 ) (ﬂ)
X = e ——— ]
Simplifying function € (—1 m— x) ( X — § e

(G Cioig™))

2c0oS
2

x (1 2% . ({))
e (z.su, 2-I-tdn =

Integrate the function : e* (

e* (tan (g) + -;—sec2 G))
It is of the form

[eX[f(x) + f'()]dx = e*f(x) + C

Thus,

1+sinx
Our Integration becomes fex (—

)dx =extan§+C

1+ cosx




Example 22

(x2 +1)e*

Find f G2

=Je LH (x + 1)21 dx It is of form
[ e*[f(x) +f'(x)] dx=e*f(x)+C

=
b i i |

Thus, f(x)_ [ ]]: :

+1 (x+1)2
J-x2+1 x'—f x[x—1+ 2 d . :
(x+1)2'e —4€ La (x +1)2 x

Where f(x) =




Some more special types of standard Integrails.....

2
() [Vx? —a? dx = - Vx? — a? —— log|x + Vx2 — a?| + C

(ii)f\/x2+a2dx= E\/x2+a2+ﬂz—zlog‘x+x/x2+a2‘+c

x a’? ., _1x
(|||)f\/a2—x2dx= E\/az—x2+7sm 1; + C

— s Ea
The above integrals can be proved by
taking the constant function 1 as the

second function and integrating by parts.
‘\




Example 23
Find [ Vx2 +2x + 5 dx

[VxZ+2x+5dx =[Vx?+2x+1+4 dx
= [J(x + 1)2+4 dx

2

== (x+1)Vx24+2x+5 +

Example 24
Find [ V3 — 2x — x2 dx
V3 —2x —xZdx = [/3— @x +x2)dx

It is of the form

JVx2 +a?2dx =+

Vx2 + a? +%log|x +Vx2+a?|+C

2 S+ D2+ 4+ 2loglx +1+J(x+ 12+ 4| +C

210g|x+1+\/x2+2x+5|+c

= 4 — (x2 + 2x + 12) dx (Adding and Subtracting 1)

= V22 — (x + 1)2 dx

It is of the form

2 2 1 2 2 a? ;,—1X
FNag® —x®dx=zxNa*—x*+osin""—+C
a

_1(x+1)+c.

2
%—(x+1)\/22—(x+1)2+2?sin =

_1(x+1)+c

%(x+1)\f3—2x—x2+28in >
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